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Figure1: Exampleresponsefollowing adisturbance.

Abstract

We demonstratea real-timesimulationsystemcapableof automat-
ically balancinga standingcharacter, while at thesametime track-
ing a referencemotion and respondingto external perturbations.
The systemis generalto non-humanmorphologiesandresultsin
naturalbalancingmotionsemploying theentirebody(for example,
wind-milling). Our novel balanceroutineseeksto control the lin-
ear and angularmomentaof the character. We demonstratehow
momentumis relatedto the centerof massandcenterof pressure
of the characterand derive control rules to changethesecenters
for balance.The desiredmomentumchangesarereconciledwith
theobjectiveof trackingthereferencemotionthroughanoptimiza-
tion routine which producestarget joint accelerations.A hybrid
inverse/forwarddynamicsalgorithmdeterminesjoint torquesbased
on thesejoint accelerationsandthegroundreactionforces.Finally,
the joint torquesareappliedto the free-standingcharactersimula-
tion. Wedemonstrateresultsfor following bothmotioncaptureand
keyframedataaswell asbothhumanandnon-humanmorphologies
in presenceof avarietyof conditionsanddisturbances.

CR Categories: I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism—Animation;
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1 Intr oduction

Control of simulationcharactersis an importantproblemin com-
puter animationand has beenreceiving renewed interestbased
on recentpublicationtrends. While data-driven techniqueshave
�ooded theliteratureover thepastdecade,anumberof researchers
have recentlyre-focusedintereston control techniquesfor physi-
cal modelsfollowing the lull in suchpublicationssincethe data-
driven animationboom. Most recently, a handfulof new motion

controlapproacheshave beenproposedthatcantake advantageof
the realismof dataexampleswhile employing simulationto cre-
atecharacterswith movementsthat areboth high quality andcan
interactin a physically responsive manner[Abe et al. 2007; Sok
et al. 2007;Yin et al. 2007;Yin et al. 2008;DaSilva et al. 2008b;
DaSilvaetal. 2008a].Thecrossbetweentheuseof motioncapture
dataandphysicalsimulationfor charactersis revealingamyriadof
rich possibilitiesfor improvedmotionsynthesistechniques.

This paper introducesa momentum-basedcontrol techniquefor
charactersimulation.Ourmethodautomaticallyemploys full-body
balanceeffectssuchasthe useof arm motion (for examplewind-
milling) while also resolvingcon�icting signalsbetweenbalanc-
ing and following a referencemotion taken from motion capture
or keyframedata.More speci�cally, our techniqueguideschanges
in linearandangularmomentato control thecenterof mass(CM)
andcenterof pressure(CP)simultaneously. Suchmomentumcon-
trol leadsto many of thephenomenawe commonlyassociatewith
whole-body, integrated,and extremebalanceactivities (seeFig-
ure1). Thecontrollerguidesaphysicallybased,free-standingchar-
acterthroughjoint torquescomputedfrom desiredchangesin lin-
earandangularmomenta.Theresultingsimulationis ableto retain
balanceandcorrectfor imbalancein the presenceof disturbances
andchangesin the externalenvironment. In addition to tracking
motioncapturedatafor humanlike characters,we demonstrateour
approachoncharacterswith uniquemorphologies.Becauseweuse
no heuristicsspeci�c to humanoidcharacters,we candemonstrate
thepower of our techniquetrivially on imaginary, multi-limb crea-
turesaswell.

Thenovelty of ourapproachcomesfrom asetof controllawswhich
dictateappropriatetargetchangesto angularandlinearmomentain
orderto maintainbalance.Thesebalancelaws specifymomentum
changesthat control the trajectoriesof the CM andthe CP simul-
taneously. In addition,we presenta novel optimizationframework
which solvesfor idealizedjoint accelerationsthat resolve balance
and tracking objectives while constrainingthe foot to matchthe
accelerationof the ground. Theseoutputaccelerationsare trans-
formed into joint torquesusing inversedynamicsto maintainthe
balanceof a free-standingsimulatedcharacter.

2 Backgr ound

Generatingcontrollableresponsivecharactersis achallengingopen
problem in characteranimation. The goal of generatingdata-
driven, physically simulatedcharactersis sharedby several re-
searchers[ZordanandHodgins2002; Yin et al. 2003; Abe et al.
2007; Allen et al. 2007; Sok et al. 2007; Yin et al. 2007;



Yin et al. 2008; DaSilva et al. 2008a; DaSilva et al. 2008b]
(amongothers)aswell asindustryleaderssuchasNaturalMotion
(www.naturalmotion.com).The power of thesetechniquesis that
they allow thecharacterto reactto disturbancesthroughthedynam-
ics,while remainingfaithful to areferencemotion.Dueto competi-
tion betweencontrollingthesimulationandcarefullyfollowing the
input data, researchershave suggestedseveral alternatives in the
form of hybrids kinematic/dynamicsmodels[Shapiroet al. 2003;
Mandel 2004; Zordanet al. 2005] and techniqueswhich modify
physics-derivedparameters,for example [Komuraetal. 2004;Ko-
muraetal.2005;Arikanetal.2005;Yin etal.2005].Theadvantage
of suchapproachesover purephysically basedonesis that they do
not requiresophisticatedcontrollersandproblemsassociatedwith
dynamics,suchasbalance,becomeanonissue.Themainlimitation
of thesetechniquesis thatthey arenoteasilygeneralizableandrely
heavily on datafor realism.Becausethey arenot physically based,
outsideof their intendedfocusthey will likely fail in an ungrace-
ful manner. For this reason,we have pursuedthephysically based
motioncontrolapproach.

Balancecontrol is anareaof interestin several�elds includinghu-
manoidroboticsandcharacteranimation.In these�elds, wherethe
style of the motion is as importantas its effectiveness,often the
controlproblemis framedasonein which a referencetrajectoryis
usedto describethestyleof abehavior alongwith correctiveactiva-
tion to maintainanuprightstance.Researchersattemptto solve the
balancecontrol problemby attendingto physical characteristics,
suchasthecenterof massor thezero-momentpoint (ZMP). How-
ever the meansby which control hasbeenattemptedvary widely,
for example,by directadjustmentsto thejoint angles[Wootenand
Hodgins2000]or, morerecently, asaquadraticprogrammingprob-
lem which solvesfor bothreferenceandbalanceobjectivessimul-
taneously[Abe et al. 2007]. This problemis challengingbecause
pre-recordedor pre-generatedmotionswhich aredesirablefor use
asreferencemotionsrevealdiscrepanciesbetweenthehuman(ac-
tor) and the simulatedcharacterand do not afford environment-
speci�c reactionsleadingto a hostof solutions,for example,the
needfor motioncorrection[Sok et al. 2007].Recentlyseveralpro-
posedmethodshave addressedthis questionfor locomotion[Yin
et al. 2007; Yin et al. 2008; DaSilva et al. 2008a;DaSilva et al.
2008b],but lesswork hasfocusedonbalancedstanding.

Most researchershave approachedbalancedstandingbasedsolely
on controlof theCM [ZordanandHodgins2002;Abeet al. 2007].
In contrast,thework describedin this paperusesmomentumcon-
trol to guideboth theCM andtheCPwhich is morerobust in ex-
tremebalancetasksbasedonour �ndings andalsoleadsto therich
appearanceof balancemotion, especiallyfor the upperbody. In
closely relatedwork [Kudohet al. 2002; Kudohet al. 2006], the
ZMP is controlledalong with the accelerationof the CM using
quadraticprogramming(QP)to generateresponsesto largepertur-
bation in standingbalance. Their approachis similar to ours in
controlling both the ZMP (in our de�nition, the CP) andthe CM.
This paperbuilds on their work with a few key differences.Fore-
most,they do not preciselycontrol theCP, insteadthey allow it to
move freely within the areaof the supportpolygon. And second,
they donot incorporateareferencemotionin theirQPformulation,
leadingto responseswhich do not tracka motioncaptureexample,
as ours does,and requiring additional (acceleration)constraints,
which our techniquecan ignore. Further, they modulatebetween
two controlapproaches,statingthat their QPmethodcreateslarge
correctionsto small disturbances,while our singlemethoduni�es
all (non-stepping)responseswithin a singleframework. More ab-
stractly, we make explicit the connectionbetweenour controlled
parameters,CPandCM, andthecontrolof momenta.Thisdistinc-
tion is importantin that it revealsa symmetrywhich we exploit in
ourcontrollaws (describedin Section6).

In robotics,several researchershave recentlybegun to investigate
thepotentialfor angularmomentumin balancecontrol, largely for
locomotionandstepping[Kajita et al. 2003;Goswami andKallem
2004;Popovic et al. 2004a;Popovic et al. 2004b;Hofmannet al.
2004].GoswamiandKallem[2004]supportangularmomentumas
a methodfor balancewith the suggestionthat it generalizesother
balanceconceptssuchCM controlandZMP maintenance.Popovic
andcolleaguesoutlinea strongargumentfor humancontrolof an-
gular momentumand show how it can be regulatedfor walking
movement[Popovic et al. 2004a; Popovic et al. 2004b]. There
arealsopapersin the roboticsliteraturethat useangularmomen-
tum control for balance,althoughthe proposedcontrol laws vary
widely andtendto besimpleheuristicscraftedfor speci�c effects.
AbdallahandGoswami [AbdallahandGoswami 2005]usea sim-
ple momentumcontroller to absorbdisturbanceeffects. Stephens
employs a bang-bangcontrol to usethe body like a �ywheel, ap-
plying maximumtorqueasnecessary[Stephens2007]. And Kajita
andcolleaguesde�ne acontrollaw to settheangularmomentumto
be zerofor control of a humanoidrobot [Kajita et al. 2003]. One
commonthemein all of theseroboticspapersis thateachtreatsthe
controlof angularmomentumasa damper, i.e. to dissipatedistur-
bance. In contrast,we regulate(non-zero)angularmomentumto
supportsimultaneousguidedcontrolof theCM andCP.

Figure2: Staticforceanalysisfor astandingcharacter.

3 Momentum and the Mechanics of Balance

Basicmechanicsshowsusthatin theabsenceof externalforce,the
linearandangularmomentaof asystem,denotedL andH, arecon-
served. Also, forcesandtorquesappliedto thebodyareequivalent
to changesin momenta.Appliedto astandingcharacter, if noexter-
nal perturbationsarepresent,momentumchangecomesonly from
thegroundreactionforces(GRF)andforcedueto gravity. We can
summarizethe momenta/balancerelationshipsimply: assuminga
GRF force, f , is appliedto the CP at position, p, the linear and
angularmomentumderivativesare

�L = mg+ f (1)
�H = s� f (2)

whereg is the gravitational acceleration,m is the total mass,c is
the CM of the character, ands = p� c (seeFigure2). A simple
analysisrevealsthatcontrollinglinearmomentumchangeis equiv-
alent to controlling the CM acceleration.If we let Li denotethe
linear momentumof the ith rigid body, then Li = mivi wheremi
is the massof body i. And, the momentumof the entire articu-
latedbody, L, is computedfrom the momentaof eachindividual
body, L = å n

i= 1mivi with derivative, �L = å n
i= 1miai . Or L = m�c and

�L = mc̈ wherem = å n
i= 1mi . From this expression,we �nd that

controlling the derivative of the linear momentumis the sameas
controlling the mass-scaledCM acceleration.In addition,we can
observefromEquation1 that,in theabsenceof externalforcesother



Figure3: Systemarchitecture

than f , if wecontrol �L with ourbalancer, we indirectlygaincontrol
of theGRFthroughEquation1. And, startingfrom a known state
(i.e. a known valuefor c), Equation2 completelyde�nes the re-
lationshipbetweentheCPandGRFthroughthechangein angular
momentum.Thus,usingtheproposedbalancemethodwhich con-
trols the desiredchangein both angularand linear momenta,we
gain indirectcontrolover theCM andCP.

Thelocationof theCM projectedonthegroundplaneis acommon
indicatorof the stability of a standingcharacterand,not surpris-
ingly, a commonbalancestrategy is to keepthe projectionsafely
within the boundariesof the supportpolygon. However, control
over the CP is alsoimportantbecause(aswe caneasilyseefrom
our analysis)without carefulcontrol over the CP, rotationwill be
inducedthroughangularmomentumandthecharactercantip over.
As such,theCPprovidesausefulmeasureof therotationalcharac-
teristicsof thecharacter's state.In addition,if theCPis within the
supportpolygon,where“in” excludesthesupportpolygonbound-
aries,then the supportitself is known not to be rotating. This is
importantfor maintainingbalanceand,in many balancersthatonly
controltheCM, thecontrolleris liable to fail catastrophicallywhen
thesupportbeginsto tip.

4 System Overview

A diagramof the systemcomponentsappearsin Figure 3. A
quadraticoptimization with linear constraintsis responsiblefor
choosing idealized joint accelerations,q̈?, which meet user-
speci�ed goals. Theseaccelerationsarehandedoff to an inverse
dynamicsmodulewhich determinesthe control inputs, u, in the
form of joint torquesby solving a hybrid, �oating-basealgorithm
that takesasinput the GRF, f andproducesphysically consistent
torques. Finally, a forward simulationcomponentcomputesthe
new statebasedonu, f , andany additionalexternalforces.Note,a
similararchitectureis presentedby Hofmannetal [2004].

Optimizationobjectivesincludingbalanceandmotiontrackingmay
competeandtheoptimizeris responsiblefor choosingtheoptimal
setof accelerationswhich mutuallysatisfyeachobjective. Theop-
timizer solvesa quadraticobjective functionsubjectto linearcon-
straints. In our system,the numberof constraintsis low so this
optimizationcanbesolvedef�ciently . Theoptimizationalgorithm
hasno knowledgeof theGRFor any otherforcesexceptthosedue
to gravity. Insteadit reliesuponfeedbackfrom theforwardsimula-
tion to correctfor disturbances.In theinversedynamicsstage,q̈? is
passedasinputalongwith groundreactionforces,f , to producethe
actuatortorqueswhich achieve thegeneralizedaccelerationsin the
presenceof groundreactionforces.Torqueoutputfrom theinverse
dynamicsis fed into theforwarddynamicsalongwith theGRFand
disturbanceforceswhereit is integratedto producethe�nal anima-
tion. Incorporatingtheforwarddynamicsloopallowsthesystemto
accuratelymodelexternal impactdynamicsderived from external
perturbations.However, the simulationcausesa divergencefrom

the idealizedaccelerations.Theseerrorsare correctedin subse-
quentoptimizationrunsby thefeedbackcomponentsof thetracking
andbalanceobjectives.

5 Dynamics

Theequationsof motioncanbewritten in matrix form:

F = M(q)q̈ + C(q; �q) + G(q) (3)

whereq, �q, q̈ arethegeneralizedcoordinates,velocities,andaccel-
erations;F arethegeneralizedforces;M is composedof theinertial
coef�cients; C representscentripetalandCoriolis components;and
G representsthe gravitational component.For our system,F has
threeinputs: control input torques,u; GRF, f ; andany additional
externalforces.Equation3 canbederived from a Lagrangianfor-
mulationof therigid-bodydynamics.Theforwarddynamicsalgo-
rithm we useis Featherstone.Featherstoneis anef�cient O(n) for
n bodies,reduced-coordinatealgorithmwhich solvestheequations
of motion throughrecursion. In contrastto the competingO(n3)
CompositeRigid Body Method,Featherstonecanbe shown to be
fasterwhenn > 9 [Featherstone2000].

Once the optimization solves for the accelerations,a hybrid,
�oating-base inverse dynamicsalgorithm describedby Feather-
stone [1987] is used to convert the accelerationsinto actuator
torques. Unlike the recursive Newton-Eulerinversedynamicsal-
gorithm, this algorithmassumesthe root is unactuatedandgener-
atesconsistenttorques.Theinversedynamicsalgorithmsolvesthe
following equation:

u = M(q)q̈ + C(q; �q) + G(q) + JT f (4)

for internaljoint torques,u, by assumingno externalsforcesother
thanGRF, f . Here f representsavectorof Cartesiangroundforces

andJT is the transposeof the Jacobian,J(q) =
h

¶q
¶x̂

i
wherex̂ is

spatialpositionfor thebodies.

In our implementation,a unilateralpenalty-basedgroundcontact
model is used. Since the forces of penalty methodsare based
uponthe stateof the character, andnot coupledwith the general-
izedaccelerations,penaltyforcescanbecomputedandpassedinto
theinversedynamicsalgorithmbeforetheforwardsimulationstep.
Thisis in contrastto constraint-basedcontactmodelswhichenforce
strict non-penetrationconstraintsandsolve for the groundforces
and joint accelerationssimultaneouslyasa linear complementary
optimization.

6 Contr ol Laws

Our control laws areseparatedinto two balanceobjectiveswhich
attemptto govern the positionsof the CP and the projectedCM
anda trackingobjective which attemptsto follow a desiredmotion
example.Thebalancelaws dictatedesiredchangesto thetwo mo-
menta. The tracking law speci�es desiredaccelerationsbasedon
thereferencemotion.Eachlaw is convertedinto anobjective func-
tion which is handedoff to theoptimizationto achieve.

6.1 Linear Balance

By maintainingtheprojectionof theCM within thesupportpoly-
gon thecharacteris consideredstaticallybalanced.Our goal is to
control the trajectoryof the CM, for examplein orderto keepthe



projectedCM closeto thecenterof support.A straightforwardrule
to controltheCM throughdesiredaccelerationscanbestatedas

c̈des= kl (cr � c) + dl ( �cr � �c) (5)

wherekl anddl areproportionalandderivativegainsusedto control
theaccelerationof recovery, andcr is thereferencepositionfor CM,
oftenchosenasthecenterof thesupport.�cr is thereferencevelocity
of c, usuallychosento bezero.Note,bothtermscouldalsobesetto
follow their respective counterpartsin a chosenreferencemotion,
if desired.Equation5 is only takenalongthetwo orthogonalaxes
perpendicularto thegravitationalaxiswhich lie within thesupport
polygonplane.

Sincecontrollingthederivativeof thelinearmomentumof thechar-
acter is equivalent to controlling the CM acceleration,c̈, as de-
scribedin Section3, we cantrivially transformour control law to
onewhich modi�es thelinearmomentumof thecharacterto guide
theCM. Throughsubstitution,our linearbalancelaw becomes

�Ldes= kl m(cr � c) � dl L (6)

whenwesetthedesiredCM velocity to zero.

For theoptimization,thelinearmomentumobjectiveCl followsdi-
rectly.

Cl = k�Ldes� �Lk2 = k�Ldes� (Rq̈ + rbias)k
2 (7)

where�Ldes is computedfrom Equation6. Thesecondequationputs
theobjective in termsof theaccelerationswhichwill bedetermined
betheoptimization.Thecalculationof R andrbias canbefoundin
theappendix.

6.2 Angular Balance

We usetheangularbalanceobjective to control theCP. An impor-
tantquestionis how to controltheCPin orderto aid in thebalance
taskandnotto competewith thelinearbalanceobjective. Onegoal
is to ensuretheCPdoesnot reachtheedgeof thesupportpolygon,
which could inducesupportrotation. In addition,we assumepre-
ventingtheCPfrom moving tooquickly is generallyagoodchoice
and will help the linear balanceravoid discontinuouschangesin
momentum.Startingfrom thesebasicheuristics,we derive a con-
trol law similar to Equation5 for theCP, p.

p̈des= kh(pr � p) + dh( �pr � �p) (8)

wherekh anddh aregainconstants,pr and �pr arethereferenceval-
uesfor theCPandCPvelocity, respectively. In ourimplementation,
�p is determinedby �nite differenceandwe foundthatthecenterof
supportis agoodchoicefor pr . Weset �pr to zero.

Equation2 relatesthe changein angularmomentum, �H, with the
CP. To removedependency ontheGRF, f , wecanreorganizeEqua-
tion 1 and substituteit in Equation2. From this, we derive our
desiredmomentumchangevalueas

�Hdes= (pdes� c) � ( �Ldes� mg) (9)

wherepdes is thenew target locationfor theCP. We computethis
value from the desiredaccelerationin Equation8 by integrating
it over the timestep. To align the angularwith the linear balance

Figure4: Layoutfor theoptimizationblock.

term,we take the desiredlinear momentumderivative, �Ldes, from
Equation6.

As with the linear term,theangularbalanceobjective functionfor
Ch is

Ch = k �Hdes� �Hk2 = k �Hdes� (Sq̈ + sbias)k
2 (10)

where �Hdes is computedfrom Equation9. Thecalculationof Sand
sbias arealsofoundin theappendix.

6.3 Tracking

Trackingcontrolattemptsto follow a prescribedmotion trajectory
ascloselyaspossible. (In our results,motion dataaregenerated
throughmotion captureand keyframing). Tracking is primarily
usedto help maintainthe stylistic aspectsof the desiredmotion.
A controllersimilar to Abeetal. [2007] is usedto providecontrol:

q̈des= kt (qr � q) + dt ( �qr � �q) + q̈r (11)

whereqr and �qr arethemotioncoordinatesandcoordinateveloc-
ities, andq̈r is a feedforwardaccelerationtermextractedfrom the
motiondata.Introducingthefeedforwardtermallows thefeedback
trackinggainsto below which allows for lessstiff reactionsin the
presenceof externaldisturbances[Yin et al. 2003]. Our feedfor-
wardaccelerationsarecalculatedfrom thereferencemotionby �-
nitedifferences.

ThetrackingobjectiveCt maynow bestatedas

Ct = kWt (q̈des� q̈)k2: (12)

Ct is thesumof thesquarederrorsbetweentheaccelerationsoutput
from Equation11 andtheaccelerations̈q chosenby theoptimizer.
Wt is a diagonaluser-speci�ed weightingmatrix which allows for
additionaltracking emphasisor de-emphasison particularjoints.
Thus,a usercancreatea motion which makesgreaterutilization
of the armsduring balanceby simply lowering the weightsof the
correspondingthearmbodies.

7 Optimization

Our optimizationroutine determinesgeneralizedaccelerationsof
the bodiesbasedon the objectives for tracking and balance(See
Figure4). In addition,a small numberof equalityconstraintsare
setin placein orderto preventthesupportfoot (or feet)from accel-
erating. Theoptimizationprogramis statedassuch:

min
q̈?

btCt (q; �q; q̈) + blCl (q; �q; q̈) + bhCh(q; �q; q̈)

subjectto: Jsupq̈ + �Jsup �q = âsup

(13)



whereCt , Cl , Ch representthetracking,linearandangularbalance
objective functionsof the form kW(b� Aq̈)k2; eachb represents
the objective weights;and âsup is the spatialaccelerationsof the
supports.JacobianJsup relatesgeneralizedaccelerationsto thesup-
portaccelerations.

Our constraintexpressionensuresthatthe(foot) supportsmaintain
the linear and angularaccelerationof the groundat the point of
contact. Let Jsup be the submatrixof JacobianJ pertainingto the
support.Wemapgeneralizedvelocitiesto spatialvelocitiesas

v̂sup = Jsup(q) �q : (14)

By computingthe derivative of Equation14 over the rows corre-
spondingto our supportbodieswe obtaintheconstraintexpressed
in Equation13. This constraintis key to our approachbecause
throughit the unactuateddegreesof freedomof the root are “re-
gained.” Thebasicassumptionleadingto theform of theconstraint
is that whenthe characteris staticallystable(i.e. the feet areon
the groundandthe centerof massis within the supportpolygon)
it canrealizeany accelerationfor theroot throughits contactwith
theground.Of coursethis is limited by accelerationdueto gravity,
but a maximumupward accelerationequalto (positive) g is fairly
conservative for our application.Note,the�x edsupportconstraint
doesnotguaranteethatthesupportwill notslip or lift-of f whenthe
inverse/forwarddynamicsphaseoccurs.Theultimateresponsibil-
ity of ensuringthatthesupportsremainon thegroundlieswith our
momentum-basedbalanceobjectives.

Theresultof theoptimizationis asinglesystemof linearequations
which canbe solved ef�ciently usingany standardmatrix-solving
algorithm,suchasLU decompositionor SVD. Throughtheobjec-
tive weightstheanimatormaytrade-off betweenstylepreservation
and balancerobustnessdependingon requirements.Note, while
thereis someoverlapin thestructureof our optimizerwith theone
describedby Abe et al. [2007], our formulation is moreef�cient
to executebecausewe do not useinequalityconstraints,which re-
quiresamorecomplicated,iterativeQPsolver. Also,wehavemany
fewer (6) constraints.

8 Extensions

Weaddseveralusefulextensionsto thebasicsystemdescribed.

As wecanseein Equation1, any changein linearmomentummust
beproducedby theGRF. WecanindirectlycontroltheGRFapplied
to thecharacterby controlling �Ldes, or equivalently, c̈des in theop-
timization. In otherwords, the charactermay chooseto fall with
gravity or pushtowardsthegroundto increaseor decreasetheGRF
if the freedomexists to do so(i.e. thecharactercanacceleratethe
CM upor down throughthecouplingwith thegroundandgravity).
Similarly, if pushed,the charactermay chooseto quickly deceler-
atetheCM resultingin a largetangentforceandpossiblefoot slip,
or maychooseto preserve mostof the impactresultingin a small
tangentialfriction forceat theexpenseof theCM potentiallyaccel-
eratingoutsideof thesupportpolygon. This extensionshows how
it is possibleto extend the linear momentumobjective to handle
friction andcompliance.

Let N( f ) denotethemagnitudeof thenormalcomponentof vector
f . Wechooseto clampthenormalcomponentof �Ldes to controlthe
GRFsuchthatit remainswithin auser-speci�edrange:

s l < N( f ) = N( �Ldes� mg) < su (15)

wheres l > 0, su > N(mg) arethe lower andupperboundson the
groundnormalmagnitude. By regulating theseboundsa charac-

ter's conformitywith thegroundmaybe intuitively controlled. In
practice,weusedarangebetween0:2 and1:8 timesthecharacter's
totalweight.

In additionto controllingthenormalforceof theGRF, we alsocan
control thetangentialfriction forceto keepthesupportsstationary
with respectto translation.Let T( f ) denotethe magnitudeof the
projectionof f onto the groundtangentplane. We canintroduce
anadditionalclampto ensurethat the resultingGRF is within the
friction cone:

0 <
T( �Ldes� mg)
N( �Ldes� mg)

< m (16)

where m is the coef�cient of friction betweenthe support and
ground. To determinethe modi�ed �Ldes, we �rst clamp the nor-
malcomponentandthenclampthetangentialbasedontheclamped
normalcomponentvalue.This termmodi�es Equation6 in theop-
timizationpipeline.

We found better tracking of the referencemotion resultedfrom
addinga secondoptimizationloop. The �rst optimizationpassig-
noresthe angularbalanceobjective (i.e. bh = 0) andcomputesa
preferred,“ideal” locationof theCP, p?, basedon thetrackingand
linearbalancetermsalone.In practice,we foundthatby replacing
the valuefor the CP, p, in the calculationof Equation8 with this
idealizedvalue, p?, bettertrackingresulted.Becausethe �rst op-
timization stepdoesnot upholdthe physical constraints(which is
doneinsteadby theforwardsimulationstep)thisvaluecanfall out-
sideof thesupportpolygon. Thus,to accountfor theunrealizable
positionof p?, we projectits positionontothesupportareabefore
usingit.

It is desirableto controlspeci�c pointson a bodywithout directly
specifying the forward kinematicsof the entire character. This
problemis analogousto inversekinematics(IK) wherethegoal is
typically to direct an end-effector to a speci�ed position without
deviating too much from a desiredposture. Within the proposed
optimizationframework, soft point accelerationconstraintscanbe
implementedasadditionalobjectives.They allow for theoptimiza-
tion to handlemultiple,possiblycon�icting “constraints”aswell as
allow for mediatingamongtheoptimizationobjectives.Thederiva-
tion of theobjectivesfor suchpoint constraintsfollows succinctly
from the de�nitions for momentum. Note, as with the other ob-
jectives,this objective is met(or not) throughinternaljoint torques
in the �nal animation.That is, only thecharacter's internalactua-
tors areusedto achieve thepoint targets. We alsoimplementsoft
body-orientationconstraintsin asimilarmanner.

We foundjoint limits necessaryto preventthecharacterfrom mov-
ing into impossiblepostures. We implementedlimits using an
axis/twist decomposition,where the quaternionrepresentingthe
joint transformation,q, is decomposedinto an axis rotation fol-
lowedby a twist. For details,seeMacchietto[2008] .

9 Implementation and Results

Eachsimulatedactoris composedof n links connectedtogetherby
3-DOFactuatedball joints, anda 6-DOFunactuated�oating joint
connectingtheroot to theinertial referenceframe.All simulations
were performedin real-timeon a 4200+ AMD Athlon machine.
Forward-Eulerintegration with a stepsize size of 1-10 khz was
usedbaseduponthe groundstiffnessrequirementsof the motion.
Theoptimizationwasrecomputedataseparatefrequency of 60hz.
Testswereperformedacrossvarioushumanoidandnon-humanoid
charactersfor bothsingle-supportanddouble-supportmotions.All
referencemotion was generatedeither by keyframing or motion



capture. For the latter, a morphologically-accuratehumansimu-
lation modelwasbuilt to matchthe capturedactor. To showcase
therobustnessof thealgorithmto non-humanoidmorphologieswe
alsocreatedafour-armedinsectoidandachicken-likecharacterand
generatedtheir referencemotionsusingkeyframing. All motions
were �ltered using IK to ensure�at and level supportconditions
throughoutthemotionclip. Minimal tuningof optimizationparam-
eterswasrequiredbetweenclips: theonly tuningbetweencharac-
terswasthe trackingweights,W, to provide greatertrackingem-
phasisonparticularbodyparts.

To testoursystem,weconductedthefollowing experiments.

ExerciseThehumanperformingbutter�y andsquattingexercises,
andaside-kickingmotionwith varioustracking,linearandangular
balanceobjective combinationsenabled. The characteris unable
to completethemotionswithout theangularbalanceobjective en-
abled.

HeadDrag Thehumancharacterdraggedaboutby theheadusinga
point constraintwhile performingrepeatedsquattingmotions.The
characterisabletostaycloseto thedesiredmotionwhileattempting
to meet the userdemandsand maintainbalance. To avoid joint
limitations, thecharactermaneuversout of theplanein which the
point constrainttravels.

Cup The human characterperforms a single-supportside kick
while holding his headstraightanda cup upright. The character
managesto performthe sidekick while preservingtrackingaccu-
racy. Headaccelerationtrackingimprovestheposturein compari-
sonto not trackingtheacceleration.

Grapple An imaginarycreaturetrackingakeyframedtwistingmo-
tion is knockedaroundby a few large impulses(seeFigure5) be-
fore beinggrappledto thegroundby multiple user-speci�ed point
accelerationconstraints. The characteradaptsthe motion grace-
fully to themultiple constraintswithout falling. As thecreatureis
“tied down,” themotionis adaptedinto meetthesenew constraints
producingtheappearanceof astruggle.

Platform A characteron a low-friction (m= :1) moving platform
is subjectedto multiple externaluser-speci�ed impulses.Theplat-
form is controlledusingasumof sinewavesof variousfrequencies
andamplitudesto testtheability of thecharacterto adaptto rapidly
changingnormalforces.Thecharacteradaptsto theslipperyforce
while reactingto moderateimpacts(SeeFigure1).

Theseexperiments(many shown in Figure6) assessedthecharac-
ters ability to track the motion accuratelywhile maintainingbal-
ance.A morphologicallyrealisticmodelwasusedto trackcaptured
datafor single and doublesupportof a butter�y and squatexer-
cisemotion, aswell asa single-supportmartial-artssidekickmo-
tion. We selectedmotionswhich requiredlarge inducedmomenta
to performthe taskwell, andthe characterwasableto follow the
datafaithfully. With only thetrackingandlinearobjectivesenabled
the charactertracked the joint anglesaccurately;however, dueto
themodelingerrorbetweentheactorandthesimulationmodelas
well astheinability for thecharacterto controltheCPthroughan-
gular momentumregulation, the systemfailed to balance. With
theangularobjective enabledthecharacterwasableto remainsta-
ble at the costof a minor reductionsin trackingaccuracy. Visu-
ally, thecharacterstill managedto retainthestyleandaccuracy of
theoriginal motion. Thesystemalsodisplayedtheability to adapt
andtrackmoderately-balancedkeyframedmotionwhile upholding
overallstyle.Thesystemhaddif�culty retainingthestyleof certain
keyframedmotionswhichweretooenergetic,rhythmic,andunbal-
anced: as expected,the systemwould attemptto slow down the
motionto retaina desirableCPandtheoverall styleof themotion
waslost.

Figure5: The creaturerespondsto a disturbancein a mannerap-
propriateto its morphology. The unexpectedlifting of the lower
setof armsis both sensibleandaddsvisual �air to its motion. In
a gamein which playersinventedtheir own creatureanda system
like theonedescribedherecouldbeusedto animatecharactersin a
morphologicallyconsistentmanner.

We testedthe ability of the characterto adaptto a wide-variety
of intenseenvironmentalconditionsinvolving low-friction, exter-
nal perturbations,and a moving ground. Extremebalancereac-
tions resulted. While we do not highlight them in the resulting
video, not surprisinglythe characterwould toppleover if the ap-
plied forcesweretoo aggressive. This is to be expectedsinceour
balancemethodcannotchangeits supportfoot, for exampleby tak-
ing a step.Yet, thecharacterdisplayedtheagileability to adaptto
the varying groundforce magnitudeswhile reducingrelative mo-
tion of thesupportwith respectto theplatformsurface.In addition
to retainingstability, the characteralsodisplayednatural,lifelik e
secondarymotionnotevidentin linear-momentumcontrolalone.

We testedthesystem's ability to adaptto multiple potentiallycon-
�icting objectiveswhile simultaneouslybalancing. In the second
row of Figure6, thecharacterwastestedwith bothorientationand
point constraints. Orientationconstraintswere usedto maintain
an upright headand cup. In addition, to avoid translationalarm
jerking, a point constraintwith only dampingenabledwas used
to reducetranslationalarm acceleration.The charactercompleted
bothtaskswhile balancingandtrackingwell without encountering
any dif�culty in maintainingeitherheador cup orientation. Fig-
ure6 shows a repeatablebehavior in which a point constraintwas
draggedby theuseralongthecharacter'ssagittalplane.Whenfaced
with anearjoint-lockedscenario,thecharactergracefullymanaged
to moveoutsideof theplaneto �nd asolution.

10 Discussion

We have presenteda novel control routinethatemploys linearand
angularmomentato maintainbalance.To control changein mo-
menta,we proposebalancelaws derived to guideaccelerationsof
thecenterof massandcenterof pressuresimultaneously. An opti-
mizationactsto turntheobjectivesinto idealizedjoint accelerations
which are,in turn, transformedinto joint torquesandappliedto a
full-body simulatedcharacter.

Previousapproacheshave tackledsimilar problemsby incorporat-
ing the dynamicsandthe contactfriction coneof the characteras
anoptimizationconstraintwithin aquadraticprogram(QP)formu-
lation [Abe etal. 2007;DaSilvaetal. 2008a;DaSilvaetal. 2008b].
We attemptto devisea similar solutionthatis lesscomputationally
costlyby reducingtheguaranteeslip-freeaccelerations.Insteadof
attemptingto optimizeover theaccelerations,torques,andground
forcessimultaneously, we performanoptimizationover theaccel-
erationsonly andrely upontherobustnessof ourbalanceobjectives
to avoid slip. Our argumentis that if thecharacteris very closeto
enteringa slip condition,a new behavior controllershouldbeem-
ployed,for exampleto protectfrom catastrophicfailure.

Certain challengesstill remain. Due to the stiff penalty-based



Figure6: Four �lmstrips from thevideoassociatedwith thispaper. On thetopweseethecharacterrotatingoutof theplaneof motionasthe
userguidesthecharacterinteractively. Next, a sidekick is performedwhile keepingthecupof coffeeupright. Thebottomtwo rows show
imaginarycharactersfollowing simplekeyframeanimationloopswhile the userinteractswith the charactersthroughforcesandmultiple
point constraints.Associatedmodel/parameter�les for theseanimationsappearin theauxiliary �les for thispaper.

groundcontactmodel,small integrationstepswererequired. Fu-
ture work may involve revising the architectureto incorporatea
constraint-basedgroundcontactmodel. This would requiresolv-
ing a new inversedynamicsproblemin which the groundforce
andactuatortorqueswould needto be solved simultaneously. In
addition,complianceis currentlythe resultof clampingthe linear
momentumcontrol,however resolvingtheproblemof compliance
in a moreprincipledmannerseemsmissing. Without compliance
themotionsweresusceptibleto teeteringandunresponsive to large
groundforcereactions.And of coursethenext stepis steppingand
we anticipateour charactersimulationswill largely bene�t from
beingableto takeevenasmallpurposefulstep.

In conclusion,this paperpresentsa unique balancecontrol ap-
proachfor characteranimationwhichusesmomentato drivetheCP
andtheCM simultaneously. Ourmethodachievesdesiredmomenta
changevia anoptimizationsystemthatchoosesjoint accelerations
thatareheldconstantat a lower frequency while torquesarecom-
putedto meettheseaccelerationsin a tight feedbackloop usingin-
versedynamics.Wehaveshown thatourcharacterscanremainbal-
ancingwhile following a diversesetof behaviors (keyframedand
motioncapture),undera wide varietyof conditions,while alsoal-
lowing thecharactermorphologyto rangefrom humanliketo imag-
inary.

A Momentum Deriv ative Matrices

This appendixshows how themomentumderivative matricesused
in Equations7 and10arecalculated.Weassumethatall valuesare
speci�ed in the sameframe. This appendixalsoutilizes the cross
productoperator[:]� which transformsthe operandinto a 3 � 3

skew-symmetricmatrix which performsa crossproductwith the

multiplicand(i.e. [u]� v = u� v) and d
dt [u]� =

h
du
dt

i

�
.

For n links, de�ne thefollowing 3� 3n matrices:

T =
�

M1 : : : Mn
�

(17)

U =
�

m1 [r1]� : : : mn [rn]�
�

(18)

V =
�

I1 : : : In
�

(19)

wheremi is the scalarmass,r i is the vector from the body to the
CM, Mi is the 3� 3 diagonallink massmatrix, andIi is the 3� 3
inertiamatrixof link i computedabouttheCM of link i. Let

P =
�

T 0
U V

�
: (20)

Themomentaof theentirearticulatedrigid bodymaybecomputed
from P andtheJacobian,J:

�
L
H

�
=

�
å n

i mivi
å n

i Iiwi + r i � mivi

�
= PJ �q : (21)

Note, the productPJ is denotedthe centroidalmomentummatrix
by [Orin andGoswami 2008]andit is discussedat lengthin their
paperon thetopic. Takingthetimederivativeof Equation21:



�
�L
�H

�
= PJq̈ + ( �PJ+ P �J) �q : (22)

Computing �T, �U, and �V from Equations17–19wereceive

�T = 0 (23)
�U =

�
m1 [v1 � �c]� : : : mn [vn � �c]�

�
(24)

�V =
�

[w1]� I1 : : : [wn]� In
�

: (25)

�P cannow beexpressedin termsof �T, �U and �V:

�P =
�

�T 0
�U �V

�
: (26)

R, S, rbias, andsbias presentedin Section8.1canbespeci�edin the
termsdiscussedas:

�
R
S

�
= PJ (27)

�
rbias
sbias

�
= ( �PJ+ P �J) �q : (28)
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